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Abstract
We study deflection of light rays and gravitational lensing in the reg-
ular Bardeen no-horizon spacetimes. Flatness of these spacetimes in the
central region implies existence of interesting optical effects related to
photons crossing the gravitational field of the no-horizon spacetimes with
low impact parameters. These effects occur due to existence of a critical
impact parameter giving maximal deflection of light rays in the Bardeen
no-horizon spacetimes. We give the critical impact parameter in depen-
dence on the specific charge of the spacetimes, and discuss ”ghost” direct
and indirect images of Keplerian discs, generated by photons with low
impact parameters. The ghost direct images can occur only for large in-
clination angles of distant observers, while ghost indirect images can occur
also for small inclination angles. We determine the range of the frequency
shift of photons generating the ghost images and determine distribution
of the frequency shift across these images. We compare them to those
of the standard direct images of the Keplerian discs. The difference of
the ranges of the frequency shift on the ghost and direct images could
serve as a quantitative measure of the Bardeen no-horizon spacetimes.
The regions of the Keplerian discs giving the ghost images are determined
in dependence on the specific charge of the no-horizon spacetimes. For
comparison we construct direct and indirect (ordinary and ghost) images
of Keplerian discs around Reissner-No¨rdstro¨m naked singularities demon-
strating a clear qualitative difference to the ghost direct images in the
regular Bardeen no-horizon spacetimes. The optical effects related to the
low impact parameter photons thus give clear signature of the regular
Bardeen no-horizon spacetimes, as no similar phenomena could occur in
the black hole or naked singularity spacetimes. Similar direct ghost im-
ages have to occur in any regular no-horizon spacetimes having nearly flat
central region.
Introduction
Black holes governed by the standard Einstein general relativity contain a phys-
ical singularity with diverging Riemann tensor components and predictability
breakdown, where quantum gravity is expected to enter the play that should be
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able to overcome this internal defect of the general relativity. However, families
of regular black hole solutions have been found that eliminate the physical sin-
gularity from the spacetimes having an event horizon. Such regular solutions
describe even ”no-horizon” spacetimes, if parameters of these solutions are prop-
erly chosen. Of course, these are not vacuum solutions of the Einstein equations,
but contain necessarily a properly chosen additional field, or modified gravity,
and the energy conditions related to the existence of physical singularities [23]
are then violated.
Regular black hole solution containing a magnetic charge as a source param-
eter has been proposed by Bardeen [9], but for modified gravity; their magnetic
charge parameter can be related to a non-linear electrodynamics as shown by [5].
A regular black hole solution of combined Einstein gravitational equations and
non-linear electrodynamic equations has been introduced by Ayon-Beato and
Garcia [2, 3, 4]. Both the Bardeen and the Ayon-Beato-Garcia (ABG) solutions
are characterized by gravitational mass parameter m and charge parameter g.
Their geodesic structure is governed by the dimensionless ratio g/m. A differ-
ent approach to the regular black hole solutions has been applied by Hayward
[24]. Modification of the mass function in the Bardeen and Hayward solutions
and inclusion of the cosmological constant can be found in the new solutions of
Neves and Saa [34]. Rotating regular black hole solutions were introduced in
[33, 7, 61, 6]. For properly chosen charge parameter g/m, such solutions allow
for existence of fully regular spacetime, without an event horizon. We call such
solutions ”no-horizon” spacetimes. Some of their properties were discussed in
[39].
Properties of the geodesic motion in the field of regular black holes have been
discussed in [21, 39, 17, 61]. A detailed discussion of the circular geodesics of the
regular Bardeen and ABG black hole and no-horizon spacetimes and its implica-
tion to simple optical phenomena as the silhouette shape and extension, or the
profiled spectral lines generated by Keplerian rings constituted from test parti-
cles following stable circular geodesics has been recently presented in [59]. It has
been demonstrated that the geodesic structure of the regular black holes outside
the horizon is similar to those of the Schwarzschild or Reissner-No¨rdstro¨m (RN)
black hole spacetimes, but under the inner horizon, no circular geodesics can
exist. The geodesic structure of the no-horizon spacetimes is similar to those
of the naked singularity spacetimes of the RN type [51, 40], or the Kehagias-
Sfetsos (KS) type [27, 57, 58] that represents an asymptotically flat solution of
the modified Horˇava quantum gravity [26, 25]. In all of these no-horizon and
naked singularity spacetimes, an ”antigravity” sphere exists consisting of static
particles at a stable equilibrium position, given by the so called ”static” radius.
The ”antigravity” sphere can be surrounded by a Keplerian disc or toroidal
configuration [57].
In the Bardeen and ABG spacetimes, character of the Keplerian (geodetical)
discs strongly depends on the magnitude of the specific charge. If g/m is close
to the value corresponding to the extreme black-hole state, two Keplerian discs
exist above the static radius, and even two photon circular orbits exist in the
near-extreme states, the inner one being stable representing the outer edge of
the inner Keplerian disc, while the outer disc is limited by the innermost stable
circular geodesic. As an exceptional phenomenon, not occurring in the naked
singularity or the Bardeen no-horizon spacetimes, an internal Keplerian disc
can occur under the antigravity sphere in the ABG no-horizon spacetimes with
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g/m > 2 [59].
However, there is a significant difference of the character of the optical phe-
nomena in the RN or KS naked singularity spacetimes as compared to those
occurring in the regular Bardeen and ABG no-horizon spacetimes, related to
the fact that near their centre at r = 0 the regular spacetimes are close to the
de Sitter spacetime [59]. In the regular no-horizon spacetimes the deflection
of light rays is not a monotonic function of the impact parameter, but is has
a maximum for a critical impact parameter depending on the specific charge
of the Bardeen and ABG no-horizon spacetimes. Therefore, there should be
a weak lensing of distant objects both for large and small impact parameters.
Moreover, ”ghost” direct images of some parts of the Keplerian discs orbiting
in the no-horizon spacetimes occur due to the effect of non-monotonicity of the
dependence of the deflection angle on the impact parameter of photons. We
study all the optical phenomena in the case of the relatively simple Bardeen
spacetime, in order to obtain a clear picture of the ”ghost” phenomena and
compare them to the case of the ghost images created by Keplerian discs in the
field of Reissner-No¨rdstro¨m (RN) naked singularities. In next paper we plan
to study these phenomena also for the ABG spacetimes where the situation is
more complex due to the possible existence of inner Keplerian discs located in
the spacetimes with g/m > 2 under their static radius. An important infor-
mation is expected also from the study of the frequency shift distribution of
the Keplerian disc images (including the ghost images) and the profiled spectral
lines that give relevant complementary information on the optical phenomena
[43, 44, 53, 45, 56].
The electromagnetic field related to the spherically symmetric regular Bardeen
and ABG spacetimes [2, 3, 4] is irrelevant for our study, since we consider the
geometry properties only. We assume that at r = 0, the source of the (non-
linear) electromagnetic field of the Bardeen or ABG background is located,
where purely radial trajectories of test particles and photons terminate, sim-
ilarly to the case of the central singular points in the spherically symmetric
naked singularity spacetimes.
1 Regular Bardeen no-horizon spacetimes
The regular Bardeen black-hole or no-horizon spacetimes are characterized in
the standard spherical coordinates and the geometric units (c=G=1) by the line
element
ds2 = −f(r)dt2 + 1
f(r)
dt2 + r2(dθ2 + sin2 θdφ2), (1)
where the ”lapse” f(r) function depends only on the radial coordinate, the
gravitational mass parameter m, and the charge parameter g and takes the
form
f(r) = 1− 2mr
2
(g2 + r2)3/2
. (2)
The Bardeen spacetimes are constructed to be regular everywhere, i.e., the
components of the Riemann tensor, and the Ricci scalar are finite at all r ≥ 0
[4], but these spacetimes are not Ricci flat. The loci of the Bardeen black hole
horizons are determined by the relation [59]
g6 + (3g2 − 4m2)r4 + 3g4r2 + r6 = 0. (3)
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This equation allows maximally for two real solutions at r ≥ 0 corresponding
to the black hole horizons [59]. If real and positive solutions of the equation (3)
do not exist, the spacetime is fully regular, having no event horizon. We call it
”no-horizon” spacetime. The critical value of the dimensionless parameter g/m
separating the black-hole and the ”no-horizon” Bardeen spacetimes reads 1
(g/m)NoH = 0.7698. (4)
In the ”no-horizon” Bardeen spacetimes the metric is regular at all radii r ≥ 0.
We assume r = 0 to be the site of the self-gravitating charged source of the
spacetime; test particle or photon trajectories terminate at r = 0.
2 Geodesics of the Bardeen spacetimes
In the spherically symmetric spacetimes, the geodesic motion is restricted to the
central planes. For a single particle (photon) we can choose the central plane to
be the equatorial plane, with θ = pi/2. Keplerian discs are usually assumed to be
located in the equatorial plane of the spacetime. However, photons radiated by
matter of the equatorial Keplerian discs that follows circular geodesics are then
moving in non-equatorial central planes if they have to reach distant observers
at any given inclination angle θo.
The spherically symmetric spacetimes posses two Killing vector fields, ∂/∂t
and ∂/∂φ, implying existence of two constants of motion, energy E ≡ −pt and
axial angular momentum L ≡ pφ. For the motion in the non-equatorial planes,
there exists an additional constant of motion Q2, governing the ”latitudinal”
angular momentum defined by the relation p2θ ≡ Q2 − L2 cot2 θ. 2 For massive
particles, the constants of motion can be related to the constant rest mass
(energy) µ > 0, and are then specific energy and specific angular momenta of
the motion. For photons, there is µ = 0. The equations of the geodesic motion
can be written in the integrated form, giving components of the four-velocity
(four-momentum) of the particle (photon) in the form
pt =
E
f(r)
, (5)
(pr)2 = E2 − f(r)
(
κ+
L2 +Q2
r2
)
, (6)
(pθ)2 =
1
r4
(
Q2 − L2 cot2 θ) , (7)
pφ =
L
r2 sin2 θ
(8)
where κ = 0 for photons and κ = 1 for massive particles. For further analysis
it is convenient to define an effective potential of the motion by the relation
Veff = f(r)
(
κ+
L2 +Q
r2
)
. (9)
1In the well known RN spacetimes, the critical specific charge separating black holes and
naked singularities reads Q/M = 1 [32].
2Since the latitudinal motion constant has to be positive in the spherically symmetric
spacetimes, contrary to the Carter constant in the Kerr spacetimes that can be also negative
[12], we denote it as Q2.
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2.1 Keplerian orbits
The Keplerian orbits of matter in the equatorial Keplerian discs [35, 37] are
represented by the circular geodesics of the spacetime under consideration. In
the equatorial plane of spherically symmetric spacetimes there is Q2 = 0, and
the circular geodesics are determined by an effective potential related to the
specific angular momentum Lc that takes a simple form
Veff = f(r)
(
1 +
L2c
r2
)
. (10)
The radial motion is then governed by the equation for the radial component of
the 4-velocity
(ur)2 = E2 − Veff . (11)
For the photon motion, µ = 0, the effective potential can be related to the
impact parameter b = E/L and reads
Vph = f(r)
(
b2
r2
)
. (12)
Properties of the effective potential and circular geodesics outside the event
horizon of the Bardeen black hole spacetimes are similar to those occurring in
the Schwarzschild spacetime, while in the no-horizon spacetimes they are similar
to those occurring in RN naked singularity spacetimes [51, 40], or in the KS
naked singularity spacetimes [64, 58, 57]. The circular geodesics of the Bardeen
no-horizon spacetimes were studied in detail [59], here we briefly summarize the
results.
At a given radius r in the Bardeen spacetime, the specific angular momentum
Lc and the specific covariant energy Ec of the circular geodesics are determined
by the conditions Veff = 0 and dVeff/dr = 0 that imply the relations [59]
L2c =
mr4(r2 − 2g2))
(r2 + g2)5/2 − 3mr2 , (13)
E2c =
[
1− 2mr2/(r2 + g2)3/2]2 (r2 + g2)5/2
(r2 + g2)5/2 − 3mr2 (14)
In figure 1 we give curves separating the r/m−g/m space into regions corre-
sponding to stable circular orbits and unstable circular orbits respectively, and
we also give radii of photon circular orbits, horizons, and the static radius rep-
resenting the so called antigravity sphere. Radial profiles of the specific energy
and specific angular momentum of the circular geodesics, and the behavior of
the effective potential can be found in [59]
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Figure 1: Loci of circular geodesic orbits in the Bardeen spacetimes. The
white regions correspond to stable orbits, while the light gray regions repre-
sent unstable orbits. In the dark gray regions are no circular orbits. In the
Bardeen spacetimes we define three characteristic points N (No-horizon), P
(photon) and S (stable) (see the text for details): N = (1.09, 0.76988), and
P = (1.7179, 0.85865), and S = (3.07, 0.95629). Boundary of the black region
determines loci of the horizons. Boundary of the outer dark gray region deter-
mines the photon circular orbits. The boundary of the inner dark gray region
finishing at the point N represents the static radius rstat. Boundary of the light
gray region determines the marginally stable circular geodesics. The black line
finishing at the point P represents rΩ. In this figure and all the following figures
we put for simplicity m = 1; and the charge parameter and the radius are thus
dimensionless quantities expressed in units of m.
In the Bardeen no-horizon spacetimes an ”antigravity” effect of the geometry
is demonstrated by vanishing of the angular momentum Lc = 0 at the so called
static radius where test particles can remain in stable equilibrium position,
similarly to the case of the KS naked singularity spacetimes of the modified
Horˇava gravity [57, 64], or the RN naked sigularity spacetimes [51, 40]. The
static radius is located at
rstat =
√
2g (15)
and no circular geodesics are possible under the stable static radius. Char-
acter of the Keplerian discs located above the static radius strongly depends
on the charge parameter g/m of the Bardeen no-horizon spacetimes governing
the existence of unstable circular geodesics and existence of the photon circular
geodesics [59].
The photon circular geodesics are determined by the divergences of the re-
lations for the specific energy and angular momentum Ec and Lc. Their radii
are determined by the relation
(r2 + g2)5/2 − 3mr4 = 0. (16)
The photon circular geodesics exist in the spacetimes with parameter g/m
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smaller that the critical charge parameter (g/m)P given by
(g/m)P = 0.85865. (17)
In the black hole spacetimes, one unstable photon circular geodesic exists. In the
no-horizon spacetimes with (g/m)NoH < g/m < (g/m)P , two photon circular
geodesics are allowed, the outer one being unstable relative to radial perturba-
tions, and the inner one being stable – see Figure 1. In vicinity of the stable
photon circular geodesic, just above the stable static radius, trapped photons
can occur.
The inner edge of the Keplerian discs is located at the innermost stable cir-
cular orbit (ISCO) determined by the condition d
2V
dr2 = 0. Under the ISCO,
unstable circular geodesics exist being terminated at the unstable photon cir-
cular orbit. In the no-horizon spacetimes, the existence of unstable circular
geodesics is allowed in the spacetimes with the charge parameter smaller that
the critical charge (g/m)S given by
(g/m)S = 0.95629. (18)
Then two regions of stable circular geodesics can exist above the stable static
radius, and a second marginally stable orbit, an outermost stable circular orbit
(OSCO), exists along with the ISCO – see Figure 1.
2.2 Classification of the Bardeen spacetimes
We give a short review of the classification of the regular Bardeen spacetimes
due to the properties of the circular geodesics governing the Keplerian accretion
discs, details can be found in [59]. The classification is reflected in Figure 1.
2.2.1 Black holes
The event horizons exist in the spacetimes with the charge parameter in the
interval
0 < g/m < (g/m)NoH . (19)
No circular orbits exist under the inner horizon. Above the outer horizon,
the character of the circular orbits follows those of the standard Schwarzschild
geometry.
2.2.2 No-horizon spacetimes admitting photon circular orbits
The photon circular geodesics occur for the charge parameter in the interval
(g/m)NoH < g/m < (g/m)P . (20)
Two regions of circular geodesics exist above the stable static radius. The outer
one ranges, as in the black-hole spacetimes, from infinity down to the unstable
photon circular geodesic. The stable circular orbits exist down to the ISCO,
under which unstable circular orbits exist. The inner region consists of stable
circular geodesics that range from the stable photon circular geodesic down to
the static radius allowing for stable equilibrium positions of test particles.
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2.2.3 No-horizon spacetimes admitting unstable circular orbits
The no-horizon spacetimes with the charge parameter in the interval
(g/m)P < g/m < (g/m)S (21)
allow no photon circular geodesics, but unstable circular geodesics can exist.
The circular geodesics extend from infinity down to the stable static radius.
Two regions of stable circular geodesics are separated by a region of unstable
circular geodesics. The outer region of stable orbits extends from infinity down
to the ISCO, the inner region of the stable orbits extends from the OSCO down
to the stable static radius.
2.2.4 No-horizon spacetimes admitting only stable circular orbits
The no-horizon spacetimes with the charge parameter in the interval
(g/m)S < g/m. (22)
allow only stable circular geodesics that extend from infinity down to the static
radius. No unstable circular geodesics are possible. No circular geodesics are
allowed under the static radius in all three classes of the no-horizon Bardeen
spacetimes. 3
We have to stress that character of the circular geodesic motion in the
Bardeen no-horizon spacetimes is the same as in the KS naked singularity space-
times [57, 58, 64], or in the RN naked singularity spacetimes [51, 40]. On the
other hand, significant differences occur in the Kerr naked singularity space-
times, especially in the case of near-extreme Kerr spacetimes [14, 47, 48, 62, 60,
53, 52, 38, 54, 55, 56].
2.3 Angular velocity of Keplerian orbits
Of special interest is existence of an alteration of the gradient of the radial profile
of the angular frequency of circular geodesics that can have a crucial impact on
the standard mechanism of the Keplerian accretion, as the local maximum of the
angular velocity profile defines an effective edge of the Keplerian accretion disc
with accretion governed by viscosity effects, as the Keplerian accretion stops its
functioning for vanishing of the angular velocity gradient [57, 64]. The angular
frequency of the circular geodesics is given by the formula
Ω2c =
m(r2 − 2g2)
(r2 + g2)5/2
. (23)
The extrema of the function Ω2c(r; g,m) are located along the curves rΩ(g,m)
determined by the condition dΩ2c/dr = 0 that for the Bardeen no-horizon space-
times implies
rΩ = 2g; (24)
The function rΩ is illustrated in Figure 1. The vanishing and change of the sign
of the gradient of the Keplerian angular velocity radial profile has another im-
portant consequence for the Keplerian accretion discs, as the standard accretion
3Note that in the ABG spacetimes with g/m > 2 circular geodesics can exist under the
stable static radius, being limited from above by an unstable static radius [59].
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governed by the MRI instability requires decreasing of the Keplerian frequency
with increasing radius. Therefore, the radius rΩ can be considered as the inner
edge of the standard Keplerian discs. Possible scenarios of the subsequent ac-
cretion, located in regions under the radius rΩ, are discussed in [57] and will not
be repeated here. We shall assume here that in the Bardeen spacetimes with
g/m > (g/m)S, the Keplerian discs have their inner radius at rΩ.
2.4 Photon motion
For a general photon motion, not confined to the equatorial plane where the Kep-
lerian disc location is assumed, the radial component of the photon 4-momentum
reads
[P r]2 = E2 − f(r)
(
L2 +Q2
r2
)
. (25)
The trajectories of photons are independent of energy, therefore, it is convenient
to relate the effective potential of the photon motion to the impact parameters
l =
L
E
, q2 =
Q2
E2
(26)
For the photon motion, it is further convenient to use the coordinates
u =
1
r
, (27)
m = cos θ, (28)
and to re-parameterize the radial motion equation by Ew → w, using simul-
taneously also the constants of motion in the form of impact parameters. The
equations of the radial and the latitudinal motion expressed in terms of the
affine parameter w then take the form [57]
du
dw
= ±u2
√
1− f˜(u) (l2 + q2)u2 (29)
where
f˜(u) = f(1/u) (30)
and
dm
dw
= ±u2
√
q2 − (l2 + q2)m2 (31)
that can be properly integrated when photons radiated by Keplerian discs are
considered [42, 19, 43, 44, 53, 28, 29].
3 Deflection of light rays
We first study deflection of light in the Bardeen no-horizon spacetimes con-
centrating on the interplay of photons with low and high values of the impact
parameter that implies a variety of interesting consequences in optical phenom-
ena.
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3.1 Special character of the regular spacetimes imprinted
in deflection of light
The Bardeen spacetimes are regular at the central region r ∼ 0, being nearly
flat there,
r → 0 ⇒ gtt → −1 and grr → 1. (32)
To be exact, they have de Sitter character at r ∼ 0 [59]. Therefore, contrary
to the case of naked singularity spacetimes, the gravitational effects are weak
at the central region of the regular Bardeen no-horizon spacetimes. This prop-
erty has an important effect on the deflection of light, giving similar deflection
for photons with high and low values of the impact parameter, and implying
extraordinary consequences for images of the Keplerian discs. The most inter-
esting seems to be creation of ghost images in the central region of the Bardeen
no-horizon spacetimes considered here, but it can be relevant also for profiled
spectral lines generated by Keplerian discs, light curves of hots spots on the
discs,or for weak lensing of distant objects that will be considered in future
papers.
Of course, similar optical phenomena arise in all the regular no-horizon
spacetimes having a near-flat central region, e.g., the regular ABG no-horizon
spacetimes.
The deflection of light will be studied for simplicity in the equatorial plane
in order to obtain a clean demonstration of the phenomenon of dependence of
the deflection angle on the magnitude of the impact parameter. The deflection
of light is then governed by the equation
φ = φ0 +
∫ ue
ut
ldu√
1− f(u)l2u2 +
∫ uo
ut
ldu√
1− f(u)l2u2 (33)
where ue, uo, ut denote the radial coordinate of the emitter, observer, and the
turning point of the radial photon motion, and l is the impact parameter.
We illustrate the origin of the phenomenon of critical impact parameter
giving maximal deflection angle of photon trajectories in Figures 2 and 3 where
light rays are constructed in two characteristic Bardeen spacetimes for typical
values of the impact parameter l. We can see that if the deflection angle is
considered as a function of the impact parameter l, the deflection is very weak
for large values of l and photon trajectories at large minimal distances from
the centre r = 0, and for low values of l and trajectories at minimal distance in
vicinity of r = 0; there is a maximal value of the deflection angle that occurs for a
critical value of the impact parameter lc. In the Bardeen no-horizon spacetimes
with (g/m)NoH < g/m < (g/m)P , allowing for existence of the photon circular
geodesics, trajectories winding up to the unstable photon geodesic exist (Figure
2), while no winding trajectories exist in the Bardeen spacetimes with g/m >
(g/m)P (Figure 3). In both cases, trajectories with low impact parameters
are only slightly deflected in the cetral region, being well observable by distant
observers because of non-existence of an event horizon.
10
Figure 2: Illustration of the light rays bending in the Bardeen no horizon regular
spacetime with magnetic charge parameter g = 0.8 for large (left) and small
(right) impact parameters. The maximal deflection angle diverges due to the
existence of the photon circular orbit.
Figure 3: Illustration of the light rays bending in the Bardeen no horizon regular
spacetime with magnetic charge parameter g/m = 1.3 for large (left) and small
(right) impact parameters. No photon circular orbit exists in this Bardeen
spacetime and the maximal deflection angle is finite.
3.2 Deflection angle
The peculiar properties of the regular Bardeen no-horizon spacetimes can be
seen from the behaviour of deflection angle defined by the formula
δ = 2ψ∞ − pi, (34)
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where is
ψ∞ =
∫ 0
ut
ldu√
1− f(u)l2u2 (35)
and ψ denotes the azimuthal angle measured in the central plane where motion
of a particular photon occurs. We have constructed the deflection angle as
function of the impact parameter l for any spacetime characterized by the charge
parameter g/m. The functions δ ≡ δ(l; g) are represented for four representative
values of the magnetic charge parameter g/m = 1.0, 1.5, 2.0, and 2.5 (see
Figure 4). For any value of g/m > (g/m)NoH a local maximum of the function
δ ≡ δ(l; g) exists, giving thus the maximal deflection angle δmax corresponding
to the critical value of the impact parameter lc. For l < lc the bending of light
is decreasing because of decreasing gravitational effects of the spacetime.
One can clearly see that with increasing value of the charge parameter g/m
the value of maximal deflection angle δmax is decreasing. This kind of behavior is
expected since the metric lapse function f(r) is getting closer to value 1 as value
of the charge parameter g/m is increasing and radius r is fixed. On the other
hand, with decreasing parameter g/m, the maximal deflection angle increases.
As expected, the maximal deflection angle diverges for g/m → (g/m)P , and
it remains divergent for all the Bardeen spacetimes with (g/m)NoH < g/m <
(g/m)P , allowing for existence of photon circular geodesics. The divergence
corresponds to the unstable (outer) photon circular geodesic at r = rphu.
4
We give dependence of the maximal deflection angle αmax, the corresponding
critical impact parameter lc, and the related turning point rt of the trajectory
corresponding to the maximal deflection angle on the charge parameter g/m in
Figure 4. For g/m→ (g/m)P , the critical impact parameter lc → lphu and the
turning radius rt → rphu.
4Trapped photons in vicinity of the stable (inner) photon circular orbit are irrelevant for
the phenomena related to distant observers [59].
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Figure 4: Illustration of the behavior of the deflection angle δ(l, g) (top, left) is
presented as function of the impact parameter l for four representative values
of the magnetic charge parameter g/m = 1.0, 1.5, 2.0, and 2.5. The plot of the
maxima δmax(g) (top, right) of the deflection angle δ as function of the magnetic
charge parameter g/m ≥ (g/m)P ≃ 0.85865 (the situation where no photon
orbits are present; if photon orbits are present then the maximal deflection is,
of course, infinite). The plot of the critical impact parameter lc(g) (bottom, left)
corresponding to the δmax(g) with the minimum of the curve lc(g) located at
[g/m, l] = [1.13518, 3.4115], are presented with the plot of the radial turning
point rt(lc) (bottom, right) corresponding to the critical impact parameter lc,
that is plotted along with the radius rΩ(g) of vanishing of the angular velocity
gradient (dashed) and the radius of the marginally stable orbits rms(g) (dotted).
One can see that the function δmax(g) is monotonically increasing with the
magnetic charge g/m decreasing to (g/m)P where it diverges. The radius of the
turning point of the radial motion of the photon with critical impact parameter
lc decreases with the magnetic charge parameter decreasing to (g/m)P . In the
Bardeen no-horizon spacetimes with g/m < (g/m)P , the maximal deflection
angle δmax diverges and it corresponds to the unstable (outer) photon circular
orbit with lc = lphu; the turning point of the radial motion is related to the
radius of the unstable circular photon orbit. For g/m > (g/m)P , the critical
impact parameter function lc(g) has a local minimum lc(min)(g/m ∼ 1.1) ∼ 3.4.
3.3 Classification of images
In a spherically symmetric spacetime a radiating source following a (circular)
geodesic is confined to a central plane. Inclination angle of an observer receiving
the radiation is related to the axis perpendicular to the central plane. Keplerian
(geometrically thin) discs are assumed to be located in the equatorial plane of
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the spacetime. Classification of images of the radiating source is governed by
the character of the motion of photons creating the images; namely it is given
by the number of half-turns of the photon trajectory around the centre of the
spacetime.
The direct (primary) images are created by photons going directly to the
observer, without crossing the equatorial plane. The indirect (secondary) images
are created by photons crossing once the equatorial plane. (In order to map all
the optical phenomena, here we assume that the Keplerian discs are optically
thin enabling thus such a crossing of the equatorial plane.)
In the spacetimes allowing for existence of unstable photon circular orbit
with the impact parameter lph, infinite number of images can be created near
the region corresponding to l = lph. The n−th order image is related to photons
with impact parameter l ∼ lph that cross the equatorial plane (n − 1) times.
In the black hole spacetimes, such images can be created only by photons with
impact parameter slightly higher than lph, while for the no-horizon or naked
singularity spacetimes, also photons with impact parameter slightly lower than
lph enter the play.
In all naked singularity spacetimes photons with small impact parameter
are reflected by the central repulsive barrier, while in all the regular no-horizon
spacetimes such photons can cross the central region. Such photons create the
so called ghost images, additional to both the direct and indirect images. If
such spacetimes admit existence of circular photon orbits, the ghost images are
related to photons with l < lph. We shall concentrate our study in determining
properties of the ghost images, mapping differences between the regular no-
horizon spacetimes and the naked singularity spacetimes.
4 Direct ghost images of Keplerian discs
The effect of the maximal deflection angle implies that for a radiating source or-
biting at the equatorial plane in strong gravity region of a Bardeen no-horizon
spacetime, a distant observer located at a large inclination angle can receive
photons of significantly different impact parameters that correspond to two im-
ages of the radiating point. This effect is fully governed by the dependence
of the emission radius of photons received by a distant observer at a given in-
clination angle as function of their impact parameter. We shall see that even
three photons with different impact parameters emitted from a given source at
a fixed radius at the strong gravity region can reach the distant observers at
large inclination angles. In such situations, the photon with large impact pa-
rameter corresponds to the standard direct image, while the photon (photons)
with small impact parameter correspond to the ghost image. For images of the
Keplerian discs, it is necessary to have the region generating the ghost images
to be located above the inner edge of the Keplerian disc. In general situations,
the inner edge corresponds to the ISCO, but in the no-horizon spacetimes with
g/m > (g/m)P , the radius of the vanishing of the angular velocity radial profile
gradient should represent the inner edge.
Therefore, we study appearance of the innermost parts of the Keplerian discs
orbiting the regular Bardeen no-horizon spacetimes of all three classes concen-
trating on the behavior of the standard direct images and the ghost images
related to the low impact parameter photons. We give their optical appear-
14
ance reflecting their shape distortions due to the gravitational lensing, and the
frequency shift of the emitted radiation due to the gravitational and Doppler
effects. We use the ray-tracing method developed for the black hole case in
[19, 43] and for the naked singularity case in [53, 54, 45]. We demonstrate the
combined gravitational and Doppler shifts by a simple map assuming the Ke-
plerian discs radiating locally at a fixed frequency corresponding, e.g., to a Fe
X-ray line. In order to have a complete picture of the phenomenon of the ghost
images, we give also explicitly the range of the frequency shift of the standard
direct images and the ghost direct images.
Imaging of the Keplerian discs observed by distant observers at arbitrary
inclination angles means that we have to consider the role of photons with both
large and small impact parameters. The photons with large impact parameters
give the standard direct image of the Keplerian discs and they reflect the whole
area of the discs, while the photons with small impact parameters give ghost
images reflecting usually a small part of the Keplerian discs, namely the regions
located just behind the centre of the no-horizon spacetime. The ghost images
can exist for large enough inclination angles of the observer, being located inside
the standard direct images and separated from them. However, for very large
inclination angles the ghost images can be joined to the direct images or they
can coincide with them.
The disc appearance can be relevant for sources close enough when the cur-
rent observational technique enables a detailed study of the innermost parts of
the accretion structures just at close vicinity of the black hole horizon or the
innermost parts of the no-horizon spacetimes, as can be expected in near future
for the Sgr A* source [15]. 5
4.1 Frequency shift
We assume the Keplerian discs composed from isotropically radiating particles
following the circular geodesics in the equatorial plane. The frequency shift of
radiation emitted by a point source moving along such a circular orbit is given
in the standard way by
1 + z =
kµU
µ|o
kµUµ|e . (36)
For the emitter we use notation (e), while for the observer we use notation
(o). For circular orbits, the emitter four-velocity has only the time and axial
non-zero components
Uµ =
[
U t, 0, 0, Uφ
]
. (37)
For the static observers at infinity, the frequency shift formula 1 + z reads
1 + z =
1
U te(1− lΩ)
(38)
1
U te
= (f(r) − r2eΩ2)1/2, (39)
where l is the impact parameter of the photon, and Ω is the angular velocity of
the emitter, here assumed to be the Keplerian angular velocity Ωc.
5The profiled spectral lines generated by the Keplerian discs, or the light curves of hot
spots on the surface of orbiting Keplerian discs, are relevant and well measurable also for
much more distant sources when efficient X-ray satellite observatories as LOFT [20] will be
used. These will be studied in future works.
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4.2 Construction of the direct images and direct ghost
images
Existence of the ghost images in the Bardeen no-horizon spacetimes is directly
related to the existence of the maximal deflection angle implying the possibility
to have two photons radiated from a point-like source at radius re close to the
centre at r = 0 with significantly different impact parameters that can reach a
distant observer, as illustrated in Figure 5.
Figure 5: We illustrate origin of the ghost image in the case of the no-horizon
spacetime with magnetic charge parameter g = 1.3. The ghost image arises
due to fact that in close vicinity of the center there is gtt → −1 and grr → 1,
therefore the light rays starting at a point at the radius re with sufficiently small
impact parameter l < lc are only slightly bended creating the ghost image, while
the light rays starting at the same point with l > lc are bended more strongly,
creating the direct image in the observer sky. The ghost image has to be related
to a restricted region located behind the central object and the inclination angle
of the observer has to be sufficiently large for creation of this image. Here the
situation is illustrated for very large inclination angle θo = 89
o and the three
photons with impact parameters allowing to reach the observer while radiated
at re = 2.5.
Both direct and ghost images are considered to be primary images as they
are generated by photons having no full turning about the central source. In the
Bardeen no-horizon spacetimes with g/m > (g/m)P only the primary images
can be created, while in the spacetimes with (g/m)NoH < g/m < (g/m)P , also
the secondary and higher-order images can be created due to the existence of
the unstable photon circular geodesic. Here we restrict our attention to the
primary images.
Construction of the primary images is reflected in Figure 6 where the motion
is illustrated for the central plane r − θ containing the observer located at θo.
We have to calculate the integrals along the trajectories of the light given in
three different ways. There are trajectories having no turning points at both
16
the radial and latitudinal motion (type I), trajectories having the turning points
of both the radial and latitudinal motion (type II), and trajectories having a
turning point of the latitudinal motion, but no turning point of the radial motion
(type III). Note that the orbits of the Type III and I have to start between the
spacetime centre and the observer, while orbits of the Type II have to start
behind the centre. The integrals are given by the formulae∫ rt
ro
dr√
R
+
∫ rt
re
dr√
R
=
∫ θ+
θo
dθ√
W
+
∫ θ+
pi/2
dθ√
W
, (40)
∫ re
ro
dr√
R
=
∫ θ+
θo
dθ√
W
+
∫ θ+
pi/2
dθ√
W
, (41)
∫ re
ro
dr√
R
=
∫ pi/2
θo
dθ√
W
. (42)
Figure 6: Schema of the Keplerian disc primary images construction.
In the distant observer sky, the images of the source are determined by the
angles related in the standard way to the impact parameters l and q of radiated
photons [10, 13]
α = − l
sin θo
, (43)
β2 = q2 − l2 cot2 θo. (44)
For imaging, we consider the innermost regions of the Keplerian discs limited
by the inner edge at
rin = rΩ = 2g (45)
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in the Bardeen no-horizon spacetimes with g/m > (g/m)P , and at
rin = rISCO (46)
in the Bardeen no-horizon spacetimes with (g/m)NoH < g/m < (g/m)S . The
outer edge of the radiating region of the Keplerian disc is always assumed at
rout = 20m. (47)
The points of the images are given by the angles α and β governed by the impact
parameters l, q that are determined for given coordinates re, φe of the radiating
pointlike sources in the equatorial Keplerian disc (θ = pi/2) and the observer
coordinates ro, θo, φo = 0 by integrating the equations of the photon motion
(see, e.g., [8]). For each point of the image, given by the pairs (α - β), (l − q),
the frequency shift of the imaged pointlike source is given by the frequency shift
formula with the relevant values of the impact parameters l, q and the positions
of the source and the observer.
4.3 Appearance of the Keplerian discs
The results of the construction of the primary images, i.e., both the direct and
ghost images of the innermost parts of the Keplerian discs are represented in
Figures 6-8 for all the classes of the regular Bardeen no-horizon spacetimes. The
frequency shift mapping of both the direct and ghost images is reflected by the
color code. In all the constructed images we present the map of the relative
frequency shift
g∗ = z − zmin
zmax − zmin (48)
related to the range (zmax− zmin) giving the extension of the frequency shift in
all the considered cases of the appearance of the Keplerian discs. We also give
the extremal values of the frequency shift (zmax and zmin). It should be stressed
that the frequency range could serve as a strong tool for determining the space-
time parameters, as demonstrated in the case of the Kerr naked singularities
[53].
It should be stressed that the ghost images occur only for large inclination
angles (θo > 80
◦). This is quite natural result, as the photons with low impact
parameter have to move very close to the origin of coordinates and experience
only very small deflection.
The direct images correspond to the whole radiating region of the Keplerian
discs, while the ghost images are created only for a strictly limited region of the
radiating discs that is located just behind the gravitating source from the point
of view of the distant observer.
There exist two different relations of the standard direct images and the
ghost images. First, the ghost images can be completely separated from the
direct images, second, the ghost images can merge to some extent with the
direct images. In a given Bardeen no-horizon spacetime the convergence of the
ghost and direct images occurs for some critical inclination angle of the distant
observer, or inversely, for a fixed inclination angle of the observer, the ghost
image is touching the standard direct image for a critical value of the charge
parameter of the Bardeen spacetime.
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We can see that for a given inclination angle of the observer, the extension of
the ghost image increases with increasing value of the charge parameter of the
spacetime, while for a fixed Bardeen spacetime, the extension of the ghost image
increases with the inclination angle. No ghost images have been found in the
case of the Bardeen no-horizon spacetimes allowing for existence of the photon
circular orbits since in such spacetimes the inner edge of the Keplerian disc is
located above the region allowing for creation of the ghost images. In the case
of the internal Keplerian orbits located under the stable (inner) circular photon
orbits the ghost images could be created, but existence of such Keplerian discs
is astrophysically unrealistic.
The joining of the ghost images to the direct images occurs for very large
inclination angles that slightly decrease with increasing charge parameter of the
spacetime.
The frequency shift of the direct images of Keplerian discs demonstrates an
interesting dependence on the inclination angle – zmax increases with increasing
θo in a fixed spacetime up to θo ∼ 85◦, but it decreases for larger inclination
angles. The maximum zmax decreases with increasing charge parameter g of
the Bardeen spacetime, while zmin decreases with increasing g up to g ∼ 1,
and increases for g > 1. The frequency range of the direct ghost image is
substantially restricted in comparison with the frequency range of the standard
direct image, as the ghost radiation is related to a restricted region of the disc
lying just behind the source centre moving transversely relative to the observer.
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Figure 7: Map of the frequency shift in the Keplerian disc direct images for the
charge parameter g/m = 0.8, 1.1, 1.5 , and 2.5 (from top left to right bottom).
The observer inclination is set to θo = 80
◦. No direct ghost images occur for
this inclination angle. The rotation of the disc is assumed anticlockwise here
and in all the following figures giving the images of Keplerian discs. Here and in
the following figures, we give in all the constructed images the extremal values
of the frequency shift across the discs (zmax and zmin).
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Figure 8: Map of the frequency shift in the Keplerian disc direct images for the
charge parameter g/m = 0.8, 1.1, 1.5, and 2.5 (from top left to right bottom).
The observer inclination is set to θo = 85
◦. Direct ghost images occur for the
charge large enough – g/m = 1.5, 2.5.
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Figure 9: Map of the frequency shift in the Keplerian disc direct images for the
charge parameter g/m = 0.8, 1.1, 1.5, and 2.5 (from top left to right bottom).
The observer inclination is set to θo = 89
◦. Direct ghost images occur except
the case of g/m = 0.8.
5 Analysis of the direct ghost images
It is instructive and useful to discuss the relation of the ghost and standard direct
images and the regions of the radiating Keplerian discs that are responsible for
the creation of the ghost images.
5.1 Relation of the ghost and standard direct images
From the images of the Keplerian discs presented in Figures 7-9 we can see that
the ghost images are of two kinds. First, they are separated from the standard
direct image, second they are merged with the direct image. We also see that
the ghost images occur only for high inclination angles θo > 80
o. In order to
understand the origin of the ghost image phenomenon, we consider for simplicity
only the motion in the r − θ plane when the photon trajectory is characterized
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by a single impact parameter l.
To understand the origin of two kinds of ghost images and the dependence
of the ghost image presence and extension on the observer inclination angle,
we construct numerically the function for the radial coordinate of the radiating
point of the Keplerian disc ue(l, θo; g) corresponding to the photon with the
impact parameter l reaching the distant observer. This function is crucial for
the analysis of the ghost and direct images and their relation and is implicitly
given by the equation
pi = ψ0 +
∫ ut
uo
ldu√
1− f(1/u; g)l2u2 +
∫ ut
ue(l;g)
ldu√
1− f(1/u; g)l2u2 (49)
with ψ0 = pi/2 − θo. This function gives the radial position of the emitter,
re = 1/ue, for a given spacetime parameter g, photon impact parameter l, and
position of the observer (ro = 1/uo, θo). The resulting functions ue(l, θo; g),
and the corresponding images of the innermost parts of the Keplerian discs
are presented in Figures 10-12. The corresponding frequency shift ranges and
values of the impact parameters lmin and lmax related to the local extrema of
the function ue(l; g, θo) and the values l0, l1, l2 of the solutions of the equation
uΩ = ue(l; g, θo), where uΩ = 1/rΩ represent the inner edge of the Keplerian
disc, are presented in Tables 1-2.
Clearly, from Figures 10-12 we see that the position function ue(l, θo; g)
can have one local maximum and one local minimum, and allows then, for the
properly chosen values of the starting position re = 1/ue, even three values of
the impact parameter corresponding to photons reaching the distant observer, if
re > rin. For decreasing value of the observer inclination angle θo both extrema,
uemax and uemin, of the position function ue(l, θo; g) are increasing. Denoting
by uin = 1/rin = 1/rΩ the inner edge of the disc, we can see in Figure 9 that for
θo = 80
◦ there is uin < Min(uemin, uemax) and there is only one intersection of
the line uin with the function ue(l, θ = 80
o; g). Then only the standard direct
image is generated. For the inclination angles θo = 85
◦ and θo = 89
◦ there is
uin > uemin(θo; g) and there are at least two intersections of the line uin with
the function ue(l, θo; g) implying arising of the ghost images (in Figures 9-11
represented by black regions).
We can see that for u = uemin(lmin, θo; g) one photon with l = l0 = l1 = lmin
creates the ghost image of the point, and the photon with impact parameter
being the other solution of the equation u = uemin(lmin, θo; g) = ue(l, θo; g),
l = l2, creates the direct image of this point. For a point with a radial coordinate
u > uin, there are three solutions of the equation u = ue(l, θo; g), denoted as
l0 < l1 < l2, and the photons with l = l0 and l = l1 create two ghost images
of the source point, while the photon with l = l2 creates one point of the
direct image of the source. This procedure works up to the radius for which
there is u = uemax(lmax, θo; g) when the photon with l = l1 = l2 = lmax
creates a common point of the ghost image and the direct image, while the
photon with l = l0, where l0 is the second, inner solution of the equation u =
uemax(lmax, θo; g) = ue(l, θo; g), creates the second ghost image of the source
point. For u > uemax there si only one solution of the equation u = ue(l, θo; g)
for the impact parameter, l = l0, representing the coalescing direct and ghost
image. Clearly, the occurrence of the ghost image, and its coalescence with the
direct image is determined by the relation of the inner edge of the Keplerian
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disc uin and the local extrema of the function ue(l, θo; g). For uin > uemin
the ghost images occur, and for uin > uemax the ghost image coalesces with
the direct image. We can convince ourselves in Figure 12 that the situation
when the ghost image is merged with the standard direct image occurs when
the condition uin ≥ uemax is fulfilled.
Behavior of the frequency shift range of the direct and ghost images is rel-
atively complex for the range of the large inclination angles allowing for exis-
tence of the ghost images in the Bardeen no-horizon spacetimes as demonstrated
in Table 1. Concerning the maximal frequency shift (1 + z)max of the direct
image, its dependence on the inclination angle is the same for all the consid-
ered spacetimes, having a maximum for the inclination angle θo ∼ 85o, while
the minimal frequency shift (1 + z)min of the direct image decreases with in-
creasing inclination angle for g/m = 1.5, but it has a minimum at θo ∼ 85o
for large charge parameters g/m = 2 and g/m = 2.5. For the ghost images,
we observe a substantial reduction of the frequency shift range at both edges:
(1 + z)maxG < (1 + z)max and (1 + z)minG > (1 + z)min. The range of the
frequency shift of the ghost images always increases with increasing inclination
angle of the observer in a given spacetime – the minima (maxima) are decreasing
(increasing) with increasing inclination angle θo.
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Figure 10: The position function ue = ue(l, θo; g) (left top) and the direct images
of the innermost regions of the Keplerian discs are given for three representative
observer inclination angles θo = 80
◦ (blue), 85◦ (red), and 89◦ (black). For these
three values of the inclination angle the direct images are constructed, including
the ghost image in the cases when the image exists ( 85◦ and 89◦). The charge
parameter is chosen to be g/m = 1.5. The black region represents the ghost
image part (for α = 0 the minimal and maximal values of β correasponding to
ghost image from particular re are βmin = l0 and βmax = l2). There are three
characteristic radii in the figure: ue = ustat = 1/rstat (dotted), ue = uΩ = 1/rΩ
(dashed), and ue = uout = 1/rout = 1/20 (black, thick).
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Figure 11: The position function ue = ue(l, θo; g) (left top) and the direct images
of the innermost regions of the Keplerian discs are given for three representative
observer inclination angles θo = 80
◦ (blue), 85◦ (red), and 89◦ (black). The
charge parameter is chosen to be g/m = 2.0. The black region represents the
ghost image part (for α = 0 the minimal and maximal values of β correasponding
to ghost image from particular re are βmin = l0 and βmax = l2). There are three
characteristic radii in the figure: ue = ustat = 1/rstat (dotted), ue = uΩmax =
1/rΩmax (dashed), and ue = uout = 1/rout = 1/20 (black, thick).
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Figure 12: The position function ue = ue(l, θo; g) (left top) and the direct
images of the innermost regions of the Keplerian discs are constructed for three
representative observer inclination angles θo = 80
◦ (blue), 85◦ (red), and 89◦
(black). The charge parameter is chosen to be g/m = 2.5. The black region
represents the ghost image part joined to the standard direct image. There
are three characteristic radii in the figure: ue = ustat = 1/rstat (dotted), ue =
uΩmax = 1/rΩmax (dashed), and ue = uout = 1/rout = 1/20 (black, thick).
From the plot of the position function ue(l, θo; g) one can see that the coloured
area inside of the black region corresponds to the primary image constructed
for l < lmax (see Table 2) and for re < r(lmax).
Table 1: Frequency shift range of the whole primary image and of the ghost
primary image alone.
g/m θo (1 + z)min (1 + z)max (1 + z)minG (1 + z)maxG
1.5 80◦ 0.4556 1.2949 - -
85◦ 0.4531 1.3084 - -
89◦ 0.4528 1.3009 0.6119 0.8140
2.0 80◦ 0.5599 1.2534 - -
85◦ 0.5579 1.2616 0.7467 0.7682
89◦ 0.5614 1.2499 0.6881 0.8812
2.5 80◦ 0.6228 1.2281 - -
85◦ 0.6210 1.2346 0.7961 0.8308
89◦ 0.6250 1.2281 0.7318 0.9143
27
Table 2: The impact parameters lmin and lmax, of the local minimum and
maximum of the position function ue = ue(l, θo) and the intersections, l0, l1,
and l2, of the line ue = uΩ with the position function ue = ue(l; θo).
g/m θo lmin lmax l0 l1 l2
1.5 80◦ 0.6754 1.6247 - - 3.8626
85◦ 0.4558 1.8624 0.3473 0.6182 3.7760
89◦ 0.2434 2.0175 0.0681 0.9688 3.6953
2.0 80◦ 1.0782 1.8592 - - 3.8559
85◦ 0.6841 2.2630 0.4065 1.2727 3.5413
89◦ 0.3650 2.4931 0.0762 1.9488 3.1405
2.5 80◦ - - - - 3.6038
85◦ 0.9464 2.6345 0.4903 - -
89◦ 0.4741 2.9653 0.08256 - -
5.2 Region of the disc corresponding to the direct ghost
images
Finally, we determine the regions of the Keplerian discs that could create the
ghost images for large inclination angle of the distant observers. Now we have to
use the complex situation where both the impact parameters l, q are taken into
account, and we have to limit the radiating part of the Keplerian discs in both
the radial r and axial φ coordinates. Therefore, we have to use the trajectory
functions in full complexity. We also give for completeness the distribution map
of the frequency shift across the Keplerian disc region creating the ghost image.
The results of the numerical calculations are presented in Figure 13. We
can see that the ghostly imaged region increases with increasing inclination
angle of the observer and increasing charge parameter of the spacetime. For
the Bardeen no-horizon spacetimes admitting for the existence of the circular
photon geodesics no ghost images were obtained for the Keplerian discs, since in
such spacetimes the ISCO is located above the region where the ghost imaging
can work. Nevertheless, ghost images could occur for radiating region located
at r < rISCO, e.g., in the region of unstable circular geodesics, or in the region
of the stable circular geodesics located close to the static radius.
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Figure 13: Loci of the disk segment where the ghost image originates are con-
structed for the three representative values of the charge parameter g/m = 1.5,
2.0, and 2.5. The yellow ring represents the inner edge of the disk at r = rΩ.
The observer inclination is set to θo = 85
◦ (left) and 89◦ (right). White arrow
shows the direction towards the distant observer.
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Table 3: The values of azimuthal, ∆φ, and radial, ∆r, width of the disk segment
generating ghost image for three representative values of parameter g/m = 1.5,
2.0, and 2.5 and two representative values of the observer inclination angle
θo = 85
◦, and 89◦.
θo g/m ∆φ ∆r
85◦ 1.5 0.078 0.175
2.0 0.151 0.702
2.5 0.206 1.393
89◦ 1.5 0.178 5.8
2.0 0.226 8.97
2.5 0.268 12.61
6 Indirect images in the Bardeen no-horizon space-
times
Now we study creation and properties of the secondary, indirect images and
related indirect ghost images that are created by photons crossing once the
equatorial plane.
6.1 Construction of the indirect images
The indirect (2nd order) images are formed by photons satisfying the following
conditions
2pi = ψ0 +
∫ ut
ue
ldu√
U
+
∫ ut
uo
ldu√
U
for l > 0, (50)
−pi = ψ0 −
∣∣∣∣
∫ ut
ue
ldu√
U
+
∫ ut
uo
ldu√
U
∣∣∣∣ for l < 0 (51)
where the initial angle is ψ0 = pi/2− θo with θo being the observer inclination.
Construction of the indirect images given by photons with the impact parameter
l > 0 and l < 0 is illustrated in Figure 14.
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Figure 14: The light rays creating the secondary images. Here they are con-
structed for the observer inclination θo = 30
◦.
During the construction of the Keplerian disc images we have encountered
the moment when, for particular values of g and θo, the secondary image ”van-
ishes”. The reason is clear - for a given value of the charge parameter g, the
φ coordinate of photon trajectory does not reach neither 2pi (condition 1 for
l > 0), or −pi (condition 2 for l < 0). To describe this phenomenon for both the
conditions, we have constructed in Figure 15 a series of curves φ = φ(l; θo, g) to
see the moment when the deflection angle φ fails to satisfy the above conditions.
Figure 15: Plots of the deflection function θ(l;ue, g, θo) constructed for five rep-
resentative values of g/m = 1.0 (black, thick), 1.375 (black), 1.75 (gray,thick),
2.125 (dashed), 2.5 (dotted). The emitter is fixed at radial coordinate re = 20.
The secondary image photons fail to satisfy the condition 1 first; then the
image starts to be deformed and its ”upper” part vanishes. Therefore, the
secondary image vanishes totally when the condition 2 (related to photons
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with l < 0) is not satisfied. By evaluating minima of the deflection function
φ(l; g, ue, θo) we obtain function φmin(g;ue, θo). The critical value of the space-
time parameter for vanishing of the indirect images, g = gc(θo), is given implic-
itly by the equation
ψmin(gc;ue, θo) = −pi. (52)
For a given radial coordinate of emitter re = 20m we calculated the corre-
sponding values (gc, θo) that are presented in the Table 4.
Table 4: Critical values of the charge parameter gc(θo) for vanishing of the
indirect images. They are determined by the minima od the deflection function
ψ(l;ue, g, θo). The emitter is fixed at radial coordinate re = 20m.
θo 10
◦ 20◦ 30◦ 40◦ 50◦ 60◦ 70◦ 80◦
gc/m 1.469 1.577 1.708 1.859 2.063 2.358 2.776 3.419
We can see that the critical charge parameter for the Bardeen spacetimes,
when the secondary images start to be forbidden due to small ray-deflection
effect, strongly depends on the inclination angle of the observer. The critical
charge increases with increasing inclination angle. Therefore, the deflection of
light rays weakens with increasing Bardeen charge g, indicating suppression of
the gravitational effects with increasing charge parameter.
6.2 Indirect images of Keplerian discs
We have demonstrated that the direct images of Keplerian discs in the field of
no-horizon objects contain a ghost image. Its structure is different from the
one generated in naked singularity spacetimes (like those occuring in the RN
naked singularity spacetime – see next section) and can be therefore considered
as fingerprint of the regular no-horizon spacetimes. We are now looking for a
fingerprint of the spacetime regularity in the secondary disc images. For the pur-
pose of illustration of the character of secondary images we have constructed
the three series of the indirect images corresponding to alredy generated pri-
mary disk images; for comparison we include also the secondary images in the
Bardeen black hole spacetimes when the ghost images do not occur. The indi-
rect (secondary) images are presented in Figure 16 for θo = 30
◦, in Figure 17
for θo = 60
◦, and in Figure 18 for θo = 85
◦.
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Figure 16: The secondary disc images of Keplerian discs are constructed for the
Bardeen spacetimes including the black hole case. The particular choice of the
charge parameter reads g/m = 0.5, (gNoH/m+gp/m)/2, (gp/m+gs/m)/2, 1.0,
1.5, 2.0. The observer inclination angle is chosen to be θo = 30
◦. No secondary
image occurs for g/m = 2.0 for this inclination. Notice that the secondary
images in the Bardeen spacetimes are similar to those generated in the RN
spacetimes.
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Figure 17: The secondary disk images constructed for the Bardeen spacetimes
with the particular choice of the charge parameter g/m = 0.5, (gNoH/m +
gp/m)/2, (gp/m + gs/m)/2, 1.0, 1.5, 2.0. The observer inclination angle is
chosen to be θo = 60
◦. Now the secondary images occur in all the considered
spacetimes, being restricted for g/m = 1.5, 2.0 when the ghost image vanishes.
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Figure 18: The secondary disk images constructed for the Bardeen spacetimes
with the particular choice of the charge parameter g/m = 0.5, (gNoH/m +
gp/m)/2, (gp/m + gs/m)/2, 1.0, 1.5, 2.0. The observer inclination angle is
chosen to be θo = 85
◦. The ghost image vanishes again in the spacetimes with
g/m = 1.5, 2.0 when the secondary image undergoes the deformation related to
the insufficiency of the ray deflection.
The indirect ghost images occur even for small inclination angles, contrary
to the direct ghost images that can be created only for very large inclination
angles; moreover, the secondary ghost images can cover whole the radiating
part of the Keplerian disc. For charges appropriately smaller than the critical
charge related to a given inclination angle of the observer, the secondary images
are restricted to the ”bottom” parts due to the insufficient deflection of the
photons coming from the ”upper” parts of the discs. (Such a deformation of
the secondary image can occur only in the bardeen spacetimes with the specific
charge g/m > 1.) No secondary images occur in the Bardeen spacetime with
g > gc(θo).
The extrema of the frequency shift in the secondary images of Keplerian discs
demonstrate monotonous behavior in dependence on the inclination angle. The
extrema zmax (zmin) increase (decrease) with increasing inclination angle in a
given spacetime. On the other hand, for fixed inclination angle, the dependence
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of zmax and zmin on the charge parameter g is complex and demonstrates a
break as shown above.
6.3 Complete images of Keplerian discs in the Bardeen
no-horizon spacetimes
For the Keplerian discs orbiting in the Bardeen no-horizon spacetimes we finally
give the complete image composed from the direct and indirect images including
the ghost images and higher-order images, if they exist. To construct the images,
we shall use the method presented in [53] that is convenient for ray-tracing in
the curved spacetimes having no event horizons.
6.3.1 Complete images in the no-horion spacetimes admitting circu-
lar photon orbits
We demonstrate first appearance of the Keplerian discs in the regular no-horizon
spacetimes allowing for existence of the photon circular orbits. Note that for
construction of the Keplerian disc complete image only the unstable outer pho-
ton circular orbit is relevant, while the stable inner circular photon orbit is
crucial for the trapped photons, being irrelevant for direct observational phe-
nomena [53, 57]. In constructing the complete image we use the ray-tracing
method taking into account also the higher order (n ≥ 3) images. To visualize
the complete Keplerian disc we follow the approach of Luminet where the colors
represent the bolometric flux of radiation coming from the disk [31]. Here we
use arbitrary units being interested in relative luminosity of the higher-order
images; for physical definition see [31]. The results are illustrated in Figure 19.
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Figure 19: Complete image of Keplerian disc formed in the Bardeen spacetime
with the charge parameter g/m = 0.8 allowing for existence of the circular
photon orbits. The disc spans from rin = rISCO to rout = 20. The observer
inclination angle reads θo = 85
◦. The red circle determines the unstable photon
circular orbit. The frequency shift range is given for both the primary (P) and
secondary (S) images. The colors represent the bolometric flux.
In Figure 20 we present enlarged region of the complete image located close
to the unstable photon circular orbit with impact parameter l = lph(u)(g), rep-
resenting a boundary between the images created by photons with l > lph(u)(g)
and l < lph(u)(g). In fact, an infinite number of images have to be located in
the vicinity of lph, however, with increasing number of the order of the image,
its detectability decreases (for details see [32, 62, 63]). We can see that the dis-
tribution of the higher order images inside and outside the photon circular orbit
differs being more dense outside the photon orbit (images with l > lph(u)(g)).
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Figure 20: The enlarged regions of the Keplerian disc complete image in close
vicinity of unstable circular photon orbit (green line) in the Bardeen spacetime
with the charge parameter g/m = 0.8. The disc extension is the same as in
the previous figure. The observer inclination angle is again 85◦. The colors
represent the bolometric flux.
6.3.2 Complete image in the no-horizon spacetimes without the cir-
cular photon orbits
In such Bardeen spacetimes the Keplerian disc complete image consists only
from the direct (primary) and indirect (secondary) images containing the cor-
responding ghost images. Higher order images do not exist because of the lack
of the circular photon orbit. The typical complete image is constructed for in-
clination angle allowing for existence of the direct ghost image and is presented
in Figure 21. In the central region the direct ghost image occurs being a clear
signature of the regular no-horizon spacetime.
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Figure 21: Complete image of the Keplerian disc orbiting in the Bardeen space-
time with the charge parameter g/m = 2.0 not allowing existence of photon
circular orbits. The disc spans from rin = rΩmax to rout = 20. The observer
inclination angle is chosen θo = 85
◦. In this case no higher order images can oc-
cur. The direct ghost image is the clear qualitative signature of the presence of
the Bardeen no-horizon spacetime. The frequency shift range is given for both
the primary (P) and secondary (S) images. The colors represent the bolometric
flux.
7 Keplerian disc images in the Reissner-Nordstrom
naked singularity spacetimes
We compare the situation related to the creation of ghost images in the regu-
lar no-horizon Bardeen spacetimes to the complementary case of the Reissner-
Nordstrom (RN) naked singularity spacetimes. Due to the existence of the naked
singularity, in the RN spacetimes the ghost images are generated in a different
way than in the regular Bardeen no-horizon spacetimes. The non-existence of
the horizon implies existence of ghost images that are generated due to the re-
pulsive effect of the effective potential of the photon motion in the vicinity of
the singularity at r = 0. Existence of the ghost images has been discovered and
studied in the case of the Kerr naked singularity spacetimes [53], where some ad-
ditional effects related to the circular geodesic properties input some additional
effects interesting from the observational point of view [47, 50, 54, 56].
We first shortly summarize properties of the geodesic circular motion in
the RN naked singularity spacetimes. Then we discuss the photon motion,
concentrating on the creation of the ghost images related to both the direct and
indirect appearance of the Keplerian discs, and the vanishing of the indirect
images due to insufficient deflection angle.
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7.1 Reissner-No¨rdstro¨m spacetime
The solution of the Einstein-Maxwell equations for spherically symmetric and
static spacetime is governed by the lapse function
f(r;Q) = 1− 2
r
+
Q2
r2
, (53)
where Q = Q˜/M is the specific charge of the RN spacetime; Q˜ is the electric
charge, and M is the gravitational mass of the spacetime. We do not consider
here the ”Coulomb” electromagnetic field complementary to the RN spacetime –
for details see [32]. We use the dimensionless radial coordinate and dimensionless
specific charge Q, by putting M = 1. Contrary to the regular spacetimes where
the geometry is nearly flat at r ∼ 0, in the RN spacetimes the lapse function
diverges (with its derivatives) at r = 0, generating thus a repulsive barrier. 6
The horizons, satisfying f(r;Q) = 0, are located at radii
r± = 1±
√
1−Q2. (54)
In the following we focus attention to the RN naked singularity spacetimes, i.e.,
we assume (considering positively charged RN backgrounds)
Q > QNS = 1. (55)
7.2 Keplerian orbits of neutral test particles
The circular Keplerian orbit at a given radius r has the specific angular mo-
mentum lc and the specific covariant energy Ec given by the relations [51, 40]
l2c =
r2(r −Q2)
2Q2 + r(r − 3) (56)
and
E2c = Veff =
r2 − 2r +Q2
r2(2Q2 + r(r − 3)) . (57)
The static radius of the RN naked singularity spacetimes (where lc = 0) is
located at
rstat = Q
2. (58)
The photon circular orbits are located at
rph± =
1
2
(3±
√
9− 8Q2). (59)
The critical value of the charge parameter of the RN spacetimes allowing for
existence of circular photon orbits reads
Qph =
3
2
√
2
. (60)
6Notice that in the Kehagias-Sfetsos spacetimes of the modified Horava quantum gravity
the lapse function is finite at r = 0, but its derivative diverges indicating a physical singularity
[58].
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The marginally stable circular orbits are located at radii given by the condition
dVeff/dr = 0 and d
2Veff/dr
2 = 0 which leads to the equation [51, 40, 41]
r3 − 6r2 + 9Q2r − 4Q4 = 0. (61)
The corresponding inner and outer marginally stable orbits radii then read
rms−out = 2
[
1 +
√
4− 3Q2 cos
(γ
3
)]
(62)
and
rms−in = 2
[
1 +
√
4− 3Q2 cos
(
γ + 4pi
3
)]
(63)
where
γ = cos−1
[
8− 9Q2 + 2Q4
(4 − 3Q2)3
]
. (64)
The critical value of the charge parameter of the RN spacetimes allowing for
existence of unstable circular orbits reads
Qs =
√
5
2
(65)
The angular frequency of the Keplerian orbits related to distant observers
reads
Ω =
Uφ
U t
= − f
r2
lc
Ec
=
√
r −Q2
r4
. (66)
There is a maximum of the angular frequency Ω, located at
rΩ =
4
3
Q2. (67)
The structure of the circular geodesics represented in the r − Q space is given
in Figure 22 where regions corresponding to stable, unstable and no circular
geodesic orbits are presented.
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Figure 22: Structure of the circular geodesic orbits in the RN naked singularity
spacetimes reflected in the r − Q parameter space. There are three regions
corresponding to no-circular orbits (dark gray), unstable circular orbits (gray),
and stable circular orbits (white). The two characteristic points of the RN
naked singularity spacetimes are given by Qph = 3/(2
√
2)
.
= 1.061 and Qs =√
5/2 = 1.118. The black line finishing at the point Qph governs the radius
where gradient of the angular velocity of the Keplerian orbits vanishes
The structure is close similar to the KH naked singularity spacetimes of the
modified quantum Horava gravity [64, 58], or to the regular Bardeen of ABG
no-horizon spacetimes [59].
7.3 Keplerian disc images
We construct Keplerian disc images formed in the vicinity of RN naked singu-
larities. We use the same technique (methods and formulae) as for construction
of images in the regular Bardeen spacetimes; we shall not repeat the details,
presenting only the results of the calculations. 7 Up to the value of charge pa-
rameterQ = Qs ≃ 1.118 the assumed Keplerian disc spans between rin = rISCO
and rout = 20. For Q > Qs we put the inner edge of the disk to rΩmax. Note
that in the RN spacetimes the photon motion can be expressed in terms of the
standard elliptical integrals – details can be found in [16]. Here we shall not
repeat those details.
7In the RN black hole spacetimes the photon motion and the gravitational lensing were
studied in [49, 16, 46, 18]. In similar braneworld black hole spacetimes the optical effects were
studied in [43, 44, 36, 1].
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7.3.1 Primary images
Results of the construction of the standard and ghost primary (direct) images
in the typical RN naked singularity spacetimes by the ray-tracing method are
presented in Figures 23-25.
Figure 23: Frequency shift map of the Keplerian disc primary image in the
vicinity of RN naked singularity determined by charge parameter Q = 1.01,
3/(2
√
2), 1.118, and 1.3. The observer inclination angle is 30◦.
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Figure 24: Frequency shift map of the Keplerian disc primary image in the
vicinity of RN naked singularity determined by charge parameter Q = 1.01,
3/(2
√
2), 1.118, and 1.3. The observer inclination angle is 60◦.
Figure 25: Frequency shift map of the Keplerian disc primary image in the
vicinity of RN naked singularity determined by charge parameter Q = 1.01,
3/(2
√
2), 1.118, and 1.3. The observer inclination angle is 85◦.
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We can see that the ghost images occur at all the considered inclination an-
gles and all the considered RN naked singularity spacetimes. The direct ghost
images increase with increasing charge parameter Q, being created by the low
impact parameter photons coming from whole the Keplerian disc. These pho-
tons are reflected by the repulsive barrier at r ∼ 0. Details of this phenomenon
will be discussed later. Here we can see a clear qualitative difference in compar-
ison to the direct ghost images created in the Bardeen no-horizon spacetimes.
On the other hand, the direct ghost images in the RN naked singularity space-
times are similar to those occuring in the Kerr naked singularity spacetimes,
having also the same origin [53].
The range of the frequency shift of the direct images of the Keplerian discs
orbiting in the RN naked singularity spacetimes demonstrates similar behavior
as those created in the Bardeen no-horizon spacetimes.
7.3.2 Secondary images
Results of the construction of the standard and ghost secondary (indirect) im-
ages in the typical RN naked singularity spacetimes allowing for existence of
the secondary images are presented in Figure 26-28.
The dependence of the frequency range (zmax – zmin) of the secondary im-
ages of the Keplerian discs on the inclination angle and the charge parameter
of the RN naked singularity spacetimes has again similar properties as the sec-
ondary images generated in the Bardeen no-horizon spacetimes.
Figure 26: Frequency shift map of the Keplerian disc secondary image in the
vicinity of RN naked singularity determined by charge parameter Q = 1.01,
3/(2
√
2), 1.118, and 1.3. The observer inclination angle is 30◦.
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Figure 27: Frequency shift map of the Keplerian disc secondary image in the
vicinity of RN naked singularity determined by charge parameter Q = 1.01,
3/(2
√
2), 1.118, and 1.3. The observer inclination angle is 60◦.
Figure 28: Frequency shift map of the Keplerian disc secondary image in the
vicinity of RN naked singularity determined by charge parameter Q = 1.01,
3/(2
√
2), 1.118, and 1.3. The observer inclination angle is 85◦.
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The indirect ghost images occur also for small inclination angles, as in the
Bardeen no-horizon spacetimes. They are created by photons radiated with low
impact parameters from the whole disc. These photons are reflected at r ∼ 0 by
the repulsive barrier. The secondary ghost images are oppositely shaped relative
to the standard indirect images. For large enough charge parameter Q (and for
fixed inclination angle of the observer), the indirect images start to be deformed
because of insufficient deflection of trajectories of photons coming from some
part of the disc. Finally, for sufficiently large charge parameter, the indirect
images disappear as no photon can be deflected enough to reach the observer
at the given inclination angle. For the indirect images the situation in the RN
naked singularity spacetimes is similar to those occuring in the Bardeen no-
horizon spacetimes. Nevertheless, their origin could be different because of the
different behavior of the lapse function at r ∼ 0. Therefore, we shall study the
mechanism of the secondary image vanishing also in the RN naked singularity
spacetimes.
7.4 Vanishing of the indirect disc image
The secondary images are formed by photon rays satisfying conditions
2pi = ψ0 +
∣∣∣∣
∫ ut
uo
+
∫ ut
ue
∣∣∣∣ for l > 0, (68)
pi = ψ0 −
∣∣∣∣
∫ ut
uo
+
∫ ut
ue
∣∣∣∣ for l < 0 (69)
where ψ0 = pi/2 − θo. The secondary images vanish when neither of the above
conditions is satisfied. For representative values of the observer inclination an-
gle θo, we have calculated the corresponding critical value of electric charge
parameter Qvanish. The secondary image then vanishes when Q > Qvanish.
The resulting values of the critical charge parameter are presented in the Table
5.
Table 5: The values of electric charge parameter Qvanish corresponding to mo-
ment when secondary image vanishes calculated for particular value of observer
inclination θo and emitter radial coordinate re = 20.
θo 10
◦ 20◦ 30◦ 40◦ 50◦ 60◦ 70◦ 80◦
Qvanish 1.298 1.443 1.498 1.568 1.656 1.771 1.926 2.138
7.5 Origin of direct ghost images in the RN naked singu-
larity spacetimes
The primary images of the Keplerian discs orbiting around the RN naked sin-
guarities contain the primary ghost images – see Figure 29 where the Keplerian
disc image is constructed for the RN spacetime with electric charge parameter
Q = 1.5, and the distant observer is located at the inclination angle θo = 85
◦. In
this case the direct ghost image is of different kind than in the regular Bardeen
no-horizon spacetimes, resembling the ghost images discovered for imaging of
the Keplerian discs orbiting Kerr naked singularities [53].
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Figure 29: Primary image of Keplerian disk formed in the vicinity of RN naked
singularity with electric charge parameter Q = 1.5.
In order to understand the origin of the direct ghost image in the RN naked
singularity spacetimes, and the reason why it does not have the same structure
as in the case of regular no-horizon spacetimes, we have constructed series of
photon trajectories related to six representative values of the photon impact
parameter l = (10−6, 0.5, 1.0, 1.5, 2.0, 2.5) (we take the advantage of spherical
symmetry of the RN spacetime and consider equatorial null geodesics in our
analysis). The resulting photon trajectories are presented in Figure 30 repre-
senting an interesting interplay of the gravitational attraction of the source, and
the repulsive phenomena related to the angular momentum of the photon and
the repulsion near the centre of the RN spacetime. Due to this interplay, a
typical deflection due to the attractive gravity occurs for large impact parame-
ters, demonstrating deflection increasing with the impact parameter decreasing
(l = 2, 2.5 in Figure 30). Then nearly straight trajectory occurs for intermediate
values of the impact parameter (l = 1.5 in Figure 30). However, for small values
of the impact parameter, direct repulsive effect enters the play, and the trajecto-
ries are reflected withour orbiting around the spacetime centre, demonstrating
the limit of ψmax → 0 for l → 0 (l = 10−6, 0.5, 1 in Figure 30). We give the max-
imal deflection angle in dependence on the impact parameter, ψmax(l, Q = 1.2)
in Figure 31.
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Figure 30: The series of representative trajectories of photons with the impact
parameters l = (10−6, 0.5, 1.0, 1.5, 2.0, 2.5) is constructed to demonstrate the
origin of the direct ghost images in the RN naked singularity spacetimes. In
this particular case the charge parameter of RN spacetime is Q = 1.2
For an observer located at a given inclination angle θo, there is a repul-
sive boundary determined by the specific value of the impact parameter ls =
ls(Q, θo), separating the repulsive region from the standard attractive region (see
Figure 31). The value of the separating impact parameter ls(Q, θo) is implicitly
determined by the formula
ψ0(θ0)− 2
∫ ut(l,Q)
0
ldu√
1− f˜(u)l2u2
= 0. (70)
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Figure 31: Plot of the value of φmax for photon traveling from the asymptoti-
cally flat region (r → ∞ back to this region given as a function of the impact
parameter l for fixed electric charge parameter Q = 1.2 of the spacetime.
For the RN spacetime with the electric charge parameter Q = 1.5, the corre-
sponding value of the separating impact parameter reads lS = 1.39974. Having
determined the impact parameter lS , we can construct the source position func-
tion ue(l, Q), given implicitly by the relation
ψ0(θ0)−

∫ ut
0
ldu√
1− f˜(u)l2u2
+
∫ ut
ue(l)
ldu√
1− f˜(u)l2u2

 = 0. (71)
The resulting character of the position function ue(l, Q, θo), defined for the
impact parameter interval l ∈ [lS , lmax], is presented in Figure 32, where in our
calculations we put lmax = 20. The region between the horizontal black lines
determines the disk extension. The intersections with the blue line determine
the extensions of the ghost and ordinary primary images. Here we have obtained
for the ghost image the interval of impact parameter l ∈ [1.45997, 2.14393], and
for the ordinary image the impact parameter interval l ∈ [3.21631, 10.2152] (on
the 2D observer screen those intervals determine the extension of the images).
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Figure 32: The position function ue = ue(l;Q, θo) determined by formula (71)
is given for the electric charge parameter Q = 1.2 of the spacetime and the
inclination angle of the observer θo = 85
◦.
One can see that there is a minimal radius for which a photon with turning
point can reach the infinity. This is consequence of the existence of the repulsive
region that is the reason why we have topologically different direct ghost images
in the RN naked singularity and the regular no-horizon spacetimes.
The origin of the direct ghost image is also clearly seen from the plot of the
position function ue(l;Q, θo) in Figure 32. For a given value of the emitter radius
re = 1/ue, we have two values of the impact parameter l1 and l2, corresponding
to two different regions on the observer screen.
For the sake of illustration of the ghost image origin, we pick a represen-
tative value of the emitter reciprocal radius ue = 0.25, and trace the photon
trajectories with impact parameter values l1 = 1.82219 and l2 = 4.14839 – see
Figure 33.
Figure 33: The trajectories of photons forming the ghost and ordinary primary
image of the emitter at re = 1/0.25 = 4.0. The RN spacetime electric charge
parameter is, again, Q = 1.2.
7.6 Complete images of Keplerian discs in the Reissner-
No¨rdstro¨m naked singularity spacetimes
For comparison with the complete images of Keplerian discs in the Bardeen
spacetimes we give the complete image for the Keplerian discs orbiting in the
Reissner-No¨rdstro¨m naked singularity spacetimes. The images are constructed
in the same cases as for the Bardeen no-horizon spacetimes.
7.6.1 Complete images in the naked singularity spacetimes admit-
ting circular photon orbits
We first give in Figure 34 the overall complete image of the Keplerian disk
formed in the Reissner-No¨rdstro¨m naked singularity spacetime with the specific
electric charge parameter Q = 1.01 allowing for existence of photon circular
orbits. To visualize it we follow the approach of Luminet where the colors
represent the bolometric flux of radiation coming from the disk [31]. We use
arbitrary units being interested in relative luminosity of the higher-order images;
for physical definition see [31]. Again, an infinite number of higher-order images
has to be generated in vicinity of the unstable photon circular orbit.
52
Figure 34: Complete image of Keplerian disc formed in the Reissner-No¨rdstro¨m
spacetime with the electric charge parameter Q = 1.01 allowing for existence
of the circular photon orbits. The disc spans from rin = rISCO to rout = 20.
The observer inclination angle reads θo = 85
◦. The green circle determines the
unstable photon circular orbit. The frequency shift range is given for both the
primary (P) and secondary (S) images. The colors represent the bolometric
flux.
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Figure 35: The enlarged regions of the Keplerian disc complete image in close
vicinity of unstable circular photon orbit (green line) in the Reissner-Noo¨rdstro¨m
spacetime with the electric charge parameter Q = 1.01. The disc extension is
the same as in the previous figure. The observer inclination angle is again 85◦.
The colors represent the bolometric flux.
In Figure 35 we present enlarged region of the complete image located close to
the unstable photon circular orbit with impact parameter l = lph(u)(Q) demon-
strating in similarity to the Bardeen case an asymmetry in distribution of the
n > 3-order images in the region inside (l < lph(u)(g)) and outside (l > lph(u)(g))
the photon circular orbit. The structure is quite identical to the case of Kep-
lerian disc image in the Bardeen no-horizon spacetimes admitting existence of
photon circular orbits. This is given by the fact that in both spacetimes the
effective potential of the photon motion is essentially of the same character in
vicinity of the unstable photon circular orbit.
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7.6.2 Complete image in the naked singularity spacetime without
the circular photon orbit
Figure 36: Complete image of the Keplerian disc orbiting in the Reissner-
No¨rdstro¨m spacetime with the charge parameter Q = 1.5. In this particular
case there are no photon circular orbits. The disc spans from rin = rΩmax to
rout = 20. The observer inclination angle is chosen θo = 85
◦. In this case no
higher order images can occur. The direct ghost image is the clearly different
from the one of the Bardeen no-horizon spacetime. The frequency shift range is
given for both the primary (P) and secondary (S) images. The colors represent
the bolometric flux.
For completeness we also consider the case of the Reissner-No¨rdstro¨m naked
singularity spacetime where no photon circular orbit is admitted. The cor-
responding complete Keplerian disk image is illustrated in Figure 31. When
compared with the Bardeen case we immediately see the difference which is
in the shape of ghost image given by the different nature of Bardeen and RN
spacetimes in the close vicinity of their center.
8 Conclusions
We have maped the dependence of the deflection angle of the photon trajecto-
ries on the impact parameter of photons in the Bardeen no-horizon spacetimes,
demonstrating existence of maximal deflection for trajectory with a critical im-
pact parameter, and decreasing of the deflection angle for the impact parameter
decreasing under the critical value. This special property is related to the exis-
tence of near-flat region of the regular no-horizon Bardeen spacetimes at their
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centre.
Then we have used the extraordinary properties of the deflection angle de-
pendence on the impact parameter in order to construct the so called ghost
images of the innermost regions of the Keplerian discs and related them to their
standard direct images. We determined both the ghost and standard direct
images including also the frequency shift distribution across these images. We
have shown that the ghostly imaged regions of the Keplerian discs are strongly
limited and located around the line of sight of the distant observers just behind
the coordinate origin. The ghost images arise only for large inclination angles
of the distant observer. In the case of the Keplerian discs their occurrence is
restricted to the no-horizon spacetimes allowing only for existence of stable cir-
cular geodesics and no unstable circular geodesics. The frequency range of the
radiation related to the ghost images, along with those of the standard direct
images, enables in principle determination of the charge parameter g/m of the
Bardeen no-horizon spacetime if the method discussed in [53] could be applied.
We have shown that in the RN naked singularity spacetimes, the ghost images
occur in both direct and indirect images. They are of different origin as those
created in the regular no-horizon spacetimes, being related to the repulsion ef-
fects occuring at r ∼ 0 that is not present in the regular spacetimes. The ghost
images in the RN spacetimes are thus of the same origin as those discovered in
the Kerr naked singularity spacetimes [53].
We conclude that the ghost images are clear signatures of the regular no-
horizon spacetimes as no such phenomena could occur in black hole or naked
singularity spacetimes. We expect that such images could be discovered by
the new observational system GRAVITY enabling extremely precise angular
resolution that has to start work at near future [22]. The assumed precision
of the measurements made by GRAVITY can be as high as ∼ 10µas, enabling
thus in the case of the supermassive black hole (or some alternate object as
a superspinar [53], or a boson star [30]) in the Galaxy source Sgr A∗, to test
predictions of alternative gravity theories, e.g., for braneworld black holes [43,
11]. The precision ∼ 10µas is high enough to distinguish the direct ghost
images, if the inclination angle of the observer is high enough, and the expected
extension of the standard direct image of the Keplerian disc is ∼ 50µas in the
Sgr A∗ central object as given in [43].
Other interesting phenomena related to the ghost images could be expected
in the profiled spectral lines generated in the innermost regions of the Keplerian
discs or toroidal configurations, or in relation to the weak lensing of distant ob-
jects by supermassive no-horizon spacetimes. On the other hand, cross section
of scattering of particles on such no-horizon spacetimes could give another inter-
esting information that could be relevant, if such a strong gravity microscopic
no-horizon objects will be created in the LHC experiments at CERN.
The ghost images and related phenomena are not confined to the Bardeen
spacetimes only, but they could be considered to be typical effects in all the no-
horizon regular spacetimes with the central region having a near-flat geometry.
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